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Abstract 

This talk adapts the available formalism to study a class of heterotic 
M-theory vacua with 50(10) grand unification group. Compactification 
to four dimensions with J\f = 1 supersymmetry is achieved on a torus 
fibered Calabi-Yau 3-fold Z = X/rx with first homotopy group 7ri(Z) = 
Z2. Here X is an elliptically fibered Calabi-Yau 3-fold which admits two 
global sections and is a freely acting involution on X. The vacua in 
this class have net number of three generations of chiral fermions in the 
observable sector and may contain M5-branes in the bulk space which 
wrap holomorphic curves in Z. Vacua with nonvanishing and vanishing 
instanton charges in the observable sector are considered. The latter case 
corresponds to potentially viable matter Yukawa couplings. Since vri(Z) = 
Z2, the grand unification group can be broken with Z2 Wilson lines. 

The motivation is to use the above formalism to extend realistic free- 
fermionic models to the nonperturbative regime. The correspondence be- 
tween these models and Z2 x Z2 orbifold compactification of the weakly 
coupled 10- dimensional heterotic string identifies associated Calabi-Yau 
3-folds which possess the structure of the above Z and X. A nonpertur- 
bative extension of the top quark Yukawa coupling is discussed. 



1 Introduction 

M-theory on the orbifold S^/Z2 is beheved to describe the strong coupling limit 
of the i?8 X £"8 heterotic string jlj. At low energy, this theory is described by 
11-dimensional supergravity coupled to a chiral M = 1, Yang-Mills super- 
multiplet on each of the two 10-dimensional orbifold fixed planes j^. This low 
energy description is known as Hofava- Witten theory. 

*Invited talk presented at the String Phenomenology 2003 Workshop, IPPP, Durham UK, 
29 July - 4 August 2003. 
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Compactifications of Hof ava-Witten theory leading to TV = 1 supersymme- 
try in four dimensions are (to lowest order) based on the spacctime structure 

M" = X SVZz X A-, (1.1) 

where is 4-dimensional Minkowski space and ^ is a Calabi-Yau 3-fold. 
Generally, on a given fixed plane, some subgroup G of the symmetry survives 
on X. Es is broken to G x H, where the grand unification group H is the 
commutant subgroup of G in Eg,. The 'standard embedding', in which G = 
SU{3) is identified with the spin connection of X, corresponds to H = Eq. 
Vacua with nonstandard embeddings may contain M5-branes |31 0] in the bulk 
space. One refers to Hofava-Witten theory compactified to lower dimensions 
with arbitrary gauge vacua as heterotic M-theory. 

Donagi, Ovrut, Pantev and Waldram [Hj presented a class of heterotic M- 
theory vacua with H = SU (5) grand unification group. The vacua in this class 
have net number of generations iVgon = 3 of chiral fermions in the observable 
sector and may contain M5-branes in the bulk space at specific points in the 
orbifold direction. Compactification to four dimensions with A/" = 1 supersym- 
metry is achieved on a torus fibered Calabi-Yau 3-fold 

Z = X/rx (1.2) 

with first homotopy group 

^i(Z)-Z2. (1.3) 

Here X ^ B is a torus fibered Calabi-Yau 3-fold which admits two global 
sections, a zero section a and a second section ^, and tx is a freely acting 
involution on X. A torus fibered manifold which admits a zero section is said 
to be elliptically fibered. Since 7ri(Z) = Z2, the H — SU{5) grand unification 
group can be broken to the Standard Model gauge group with a Z2 Wilson line. 
The M5-branes are required to span and wrap holomorphic curves in Z. 

This talk extends the above work by Donagi, Ovrut, Pantev and Waldram by 
considering the H = 5*0(10) grand unification group. The 50(10) embedding 
of the Standard Model spectrum is supported by experimental evidence |S] for 
neutrino masses. A class of string models which preserves this embedding are the 
realistic free-fermionic models J7, 8, 9, 10^. These Ngcn — 3, 4-dimensional string 
models are constructed using the free-fermionic formulation |11| of the weakly 
coupled heterotic string. The correspondence ^21 between these models and 
Z2 X Z2 orbifold compactification of the weakly coupled 10-dimensional heterotic 
string identifies associated Calabi-Yau 3-folds which possess the structure of the 
above Z and X. This allows realistic free-fermionic models to be studied in the 
nonperturbative regime. 

The new results presented in this talk have been published by Faraggi, Gar- 
avuso and Isidro and Faraggi and Garavuso IH]. Section El reviews realistic 
free-fermionic models and their Z2 x Z2 correspondence, explains the connec- 
tion with the Calabi-Yau 3-folds Z and X, and offers a proposal to obtain 
a nonperturbative extension jl4| of the top quark Yukawa coupling calculation 
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flipped SU{5) SO{10) SU{5) x U{1) 

Pati-Salam SO{10) SO{6) x 50(4) 

Standard-like SO{10) SU{3) x SU{2) x U{1)^ 

left-right symmetric 50(10) ^ SU{3) x SU{2)l x SU{2)b. x U{1) 

Table 2.1: 50(10) breaking patterns in realistic free-fermionic models. 

[T^. We will see that, although the precise geometrical realization of the full 
-^gon — 3 models is unknown, this coupling can be computed as a 27'^ .Eg or 
16 • 16 • 10 50(10) coupling with A'gon = 24. This leads us to present rules 
for constructing heterotic M-theory vacua allowing H = Eq and 50(10) grand 
unification groups with arbitrary Ngcn- Section |31 summarizes rules '14' allow- 
ing grand unification groups H — Eq , 50(10), and 5[/(5), corresponding to 
G = SU{n) with n = 3, 4, and 5, respectively. As discussed by Arnowitt and 
Dutta requiring vanishing instanton charges in the observable sector yields 
potentially viable matter Yukawa couplings. A'gcn — 3, H = 50(10) vacua with 
nonvanishing |13| and vanishing jl4| instanton charges in the observable sector 
are discussed in Section^ 



2 Realistic free fermionic models 
2.1 General structure 

A free-fermionic model is generated by a suitable choice of boundary condition 
basis vectors (which encode the spin structure of the worldsheet fermions) and 
generalized GSO projection coefficients. The boundary condition basis vectors 
associated with the realistic free-fermionic models are constructed in two stages. 
The first stage constructs the NAHE set jlTj of five basis vectors denoted by 
{1, S, bi, b2, bs}. After generalized GSO projections over the NAHE set, the 
residual gauge group is 

50(10) X 50(6)3 ^ 

NAHE set models have Af — 1 spacetime supersymmetry and 48 chiral gener- 
ations in the 16 representation of 50(10) (16 from each of the sectors bi, b2, 
and bs). The sectors bi, b2, and ba correspond to the three twisted sectors of 
the associated Z2 x Z2 orbifold. The second stage of the construction adds three 
(or four) basis vectors, typically denoted by {a,/3,7, . . .}, which correspond to 
Wilson lines in the associated Z2 x Z2 orbifold formulation. These basis vectors 
break the 50(10) x 50(6)'^ x Eg, gauge group and reduce the number of chiral 
generations from 48 to 3 (one from each of the sectors bi, b2, and h^). The 
50(10) symmetry is broken to one of its subgroups. The flipped SU{5) [7j, 
Pati-Salam |H], Standard-like W, and left-right symmetric ^01 50(10) breaking 
patterns are shown in Table ITTI In the former two cases, an additional 16 and 
16 representation of 50(10) is obtained from the set {q:,/3,7, . . .}. Similarly, 
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the hidden £^8 is broken to one of its subgroups. The flavor 50(6) symmetries 
are broken to flavor U{1) symmetries. Three such symmetries arise from the 
subgroup of the observable which is orthogonal to 5*0(10). Additional U{1) 
symmetries arise from the pairing of real fermions. The final observable gauge 
group depends on the number of such pairings. 



2.2 X ^2 correspondence 

The precise geometrical realization of the full A'gon ~ 3 models is not yet 
known. However, the extended NAHE set {1, S, bi, b2, ba, ^j^}, or equivalently 
{1, S, ^]^, b2}, has been shown to yield the same data as the Z2 x Z2 

orbifold of a toroidal Narain model jJHI with nontrivial background fields 
This Narain model has J\f = A spacetime supersymmetry and either 

50(12) X Egx Es (2.1) 



or 

50(12) X 50(16) X 50(16) (2.2) 

gauge group, depending on the choice of sign for the GSO projection coeflicient 
0(|^). Let the former and latter Narain models be denoted by and N_, 
respectively. The corresponding Z2 x Z2 orbifolds are 

Z+.^^, Z_.^^— . (2.3) 

^ Z2 X Z2 Z2 X Z2 

In the free-fermionic formulation, the N+ and N_ data is produced by the set 
{1,S,^]^,^2} with appropriate choices for the sign of 0(|^). Adding the basis 
vectors bi and b2 corresponds to Z2 x Z2 modding. These vectors reduce the 
spacetime supersymmetry to TV = 1, break 

50(12) ^ 50(4)3 (2.4) 

and either 

EsxEs^EgX [7(1)2 X Es (2.5) 

or 

50(16) x 50(16) ^ 50(10) x [/(l)^ x 50(16). (2.6) 
The three sectors 

bi©(bi+^l), b2®(b2+|2)> b3©(b3+^3) 

correspond to the three twisted sectors of the Z2 x Z2 orbifold, each sector 
producing eight generations in either the 27 representation of Eq or 16 repre- 
sentation of 50(10). The 

Neveu-Schwarz © 

sector corresponds to the untwisted sector, producing an additional three 27 
and 27 or 16 and 16 repesentations of Ee or 50(10), respectively. 
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As the NAHE set is common to all realistic free-fermionic models, Z+ and 
Z_ are at their core. To make a connection with the Calabi-Yau 3-folds Z 
and X, we construct the Z2 x Z2 orbifold at a generic point in the Narain 
moduli space. Start with the 10-dimensional space compactified on the torus 

X T2 X T3 parameterized by three complex cooordinates zi, Z2, and Z3, with 
the identification 

^ Zi + l, z^ = Zi + Ti {i = 1, 2, 3) (2.7) 

where is the complex parameter of the torus T|. Under a Z2 twist Zi — > —Zi, 
the torus Tf has four fixed points at 

= {0,1/2, T,/2,(l + T,)/2}. (2.8) 

With the two Z2 twists 

a : (zi, 22,23) ^ (-21,-22,23) (2.9) 

/3 : (21, 22, 23) ^ (21, -22, -23) (2-10) 

there are three twisted sectors, a, f3, and a(3 = a ■ (3, each with 16 fixed points 
and producing 16 generations in the 27 representation of Eg,, for a total of 48. 
The untwisted sector produces an additional three 27 and 27 representations 
of Eq. Denote this orbifold by X_|.. It corresponds to an elliptically fibered 
Calabi-Yau 3-fold X with (/i^^'i) , ^ (51^3) -^^l- . Now, add the shift 

7 : (zi, 22,23) ^21 + ^,22 + ^,23 + . (2.11) 

The product of the 7 shift with any of the three twisted sectors a, (3, and a/3 
does not produce any additional fixed points. Therefore, 7 acts freely. Under 
the action of 7, the fixed points from the twisted sectors are identified in pairs. 
Hence, each twisted sector now has 8 fixed points and produces 8 generations 
in the 27 representation of Eq, for a total of 24. Consequently, this orbifold 
has {h'-^-'^\ ft,(^'^)) — (27, 3), reproducing the data of Z+. Since 7 acts freely, the 
associated Calabi-Yau 3-fold has tti = Z2 Thus, Z+ and X+ correspond 

to the Calabi-Yau 3-folds Z and X, respectively. 



2.3 Nonperturbative top quark Yukawa coupling 

The Yukawa coupling of the top quark is obtained at the cubic level of the super- 
potential and is a coupling between states from the twisted-twisted-untwisted 
sectors. For example, in the Standard- like models [U], the relevant coupling is 
tlQihi, where and Qi are respectively the quark SU(2) singlet and doublet 
from the sector bi, and hi is the untwisted Higgs. One can calculate this cou- 
pling in the full A^gcn = 3 model, or at the level of either the Z+ or Z orbifolds 
as a 27^^ E^ or 16 • 16 • 10 5*0(10) coupling, respectively. The nonperturbative 
top quark Yukawa coupling at the grand unification scale is computed, at least 
in principle, as an integral over Z with Z taken to be the Calabi-Yau 3-fold 
associated with Z+ or Z_. 
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3 Summary of rules 



This section summarizes rules for constructing heterotic M-theory vacua with 
H = Eq, 50(10), and SU{5) grand unification groups and arbitrary A'gcn- For 
more details, refer to ^31 or [23]. These rules are an adaptation of those pre- 
sented in ; 5; . Compactification to four dimensions with TV = 1 supersymmetry 
is achieved on a torus-fibered Calabi-Yau 3-fold Z = X/rx with first homotopy 
group 7ri(Z) = Z2. The H = Eq, 50(10), and SU{b) vacua correspond ^ 
to semistable holomorphic vector bundles V^' over Z having structure group 
Gc = SU{n)c with n = 3, 4, and 5, respectively. The vector bundles V^' 
and V^' are located on the observable and hidden orbifold fixed planes, Mj|^j 
and respectively. V^' is taken to be a trivial bundle so that iJg remains 

unbroken in the hidden sector. The vacua with nonstandard embeddings may 
contain TV M5-branes in the bulk space which wrap holomorphic curves W^^ 
(^ = 1, . . . , TV) in Z. The class of the total M5-brane curve is denoted by [Wz]. 
(3^^^ and pf^^'^'^ [i = 1, . . . , /i'-"'^'^-' (Z)) are the instanton charges on the observ- 
able and hidden orbifold fixed planes, respectively, and (ii are the magnetic 
charges of the M5-branes. Requiring vanishing instanton charges in the observ- 
able sector yields potentially viable matter Yukawa couplings ^B]. In a nutshell, 
the procedure is 

1. Construct Z — X/rx. 

2. Construct V^' over Z with structure group Gc = SU{n)c- 

4. Require [Wz] = C2(TZ) — 02(^2'') — C2(V2') for anomaly cancellation. 

5. Require jif^ = 0. 

The elliptically fibered Calabi-Yau 3-fold X ^ B admits global sections a 
and ^ which satisfy ^ -I- ^ = u. This condition facilitates the construction of the 
freely acting involution tx as the composition tx = a otj. Here, a is the lift to 
X of an involution tb on the base B, and t^{x) = x + £,{b) {x G 7r~-^(5), 6 G B) 
is a translation on the fiber 7T~^{b). The Calabi-Yau condition ci(TX) = 
restricts the base '23' to be a del Pezzo (dPr,r — 0, ...,8), rational elliptic 
(dPg), Hirzebruch (Fr,r > 0), blown- up Hirzebruch, or an Enriques surface. 

A semistable holomorphic vector bundle over X with structure group 
Gc = SU{n)c can be constructed by the spectral cover method |26j . This 
method requires the specification of a divisor C of X (known as the spectral 
cover) and a line bundle AT over C. The condition ci(Vx ) = implies that 
the spectral data (C,A/') can be written in terms of an effective divisor class 77 
in the base B and coefficients A and Ki (z = 1, . . . , 4?7 • ci(B)). Constraints are 
placed on 77 , A , and the Ki by the condition that 



ciiAf) = ni- + X)a+i--X) n^V + U + ^hci{B) + Y^^k^N, (3.1) 
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7^ 3 B = F2 Class B vacua 

3 B = F,. (r even > 4) Class B vacua* 

B = Fq Class A or Class B vacua 
^ B = F,. (r odd > 1) Class A or Class B vacua 

B = dPs Class A or Class B vacua 



/3f =0 3 B = dPr vacua* 

^ B = dP^ (r = 0, . . . , 6, 8) vacua 
J B = F,. (r > 0) vacua 



Table 4.1: H = SO{lQ) heterotic M-theory vacua with iVgcn = 3. The indi- 
cates that these vacua have been demonstrated to exist when certain constraints 
on tb are satisfied. 



be an integer class. To ensure that ci{J\f) is an integer class, one can impose 
the sufficient (but not necessary) Class A or Class B constraints discussed in 
Section^ More generally, Ci(A/') will be an integer class if the constraints 

g = nQ + A^ eZ (3.2) 

- — TTpTy + ^- + 7r^ci(B) is an integer class (3.3) 

Ki — —m G Z, m ^TL (3.4) 

are simultaneously satisfied. To ensure that H is the largest subgroup of 
preserved by , impose the stability constraint |57] r] > nci(B) {n > 2). 
Requiring t-x(Vx ) = V^' ensures that descends to a bundle V^' over Z. 



4 TVgen = 3, H = 50(10) vacua 

iVgen = 3, ff = 5*0(10) heterotic M-theory vacua with nonvanishing and van- 
ishing instanton charges in the observable sector are searched for in 13^ and 
|14| . respectively. In the former work, the search is restricted to vector bundles 
satisfying the Class A or Class B constraints: 

Class A: A £ Z, = ci(B) mod 2, - ^rn e Z (4.1) 
Class B: A — - G Z, ci(B) is an even class, — —m G Z (4.2) 

where m G Z. In the latter work, the more general constraints H3.2|l . (|3.3() . and 
H3.4|l with n — 4 are imposed. Table WJ\ summarizes the results. 
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